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Kropina spaces of constant curvature II.
(long version)
By
R. Yoshikawa and K. Okubo
Introduction. In 1991, Matsumoto considered the necessary and sufficient
conditions for a Kropina space to be of constant curvature and obtained
Theorem M([3], [4]) An n-dimensional Kropina space is of constant curva-
ture K, if and only if, putting rij = (bi;j + bj;i)/2 and sij = (bi;j − bj;i)/2, we have
(1) rij =Mb
2aij,
(2) Ui = ui +Mbi is a gradient vector field,
(3) wij = sijs
r
j is written in the form
wij = biwj + bjwi + (R− 2M2b2)bibj − b2UiUj − 4Kaij,
(4) sij;k is written in the form
sij;k = A(ij){aik[Wj + (R−M2b2)bj ] + biUjk},
where the symbol A(ij) denotes interchanges of indices i and j and subtraction,
(5) the curvature tensor Rhijk of the associated Riemannian space has the form
αRhikj = A(kj){Rahkaij − ahkUij − aijUhk},
where we put M = aijrij/nb
2, ui = brs
r
i/b
2, Uij = Ui;j + UiUj, wi = urs
r
i, Wi =
wi +Mb
2Ui and R = 4K/b
2 + UrU
r.
In [7], we characterized a Kropina space by some Riemannian space (M,h) and a
vector field W of constant length 1 on it, and rewrite Theorem M using h and W . But,
a few years after we noticed that we should replace (3) in Theorem M with the condition
wij = biwj + bjwi + (R − 2M2b2)bibj − b2UiUj − 4Kaij +Mb2(Uibj + Ujbi)
which is equivalent to the equality in Lemma 2 of [3]. Then, it follows that the condition
4 of Theorem 2 in [7] should be omitted. Therefore, we consider the same problem in
another way.
In this paper, we rewrite the condition for a Kropina space to be of constant curvature
with a Riemannian metric h and a vector filed W and obtain the necessary and sufficient
conditions for a Kropina space to be of constant curvature.
In the first section, we will show again that a Kropina space is characterized by some
Riemannian metric h and a vector field W of constant length 1 on it, and in the second
section, we will rewrite the coefficients of the geodesic spray in a Kropina space by the
Riemannian metric h and the vector field W .
In Finsler geometry, the necessary and sufficient condition for a Kropina space to be
of scalar curvature is well-known ([2]). We rewrite the condition by h and W , and using
the relation of h and W we obtain the necessary and sufficient conditions for a Kropina
space to be of constant curvature by straightforward calculations. Our main result is
Theorem 4. This Theorem 4 is the corrected version of Theorem 2 in [7]. Therefore, this
paper is the corrected version of [7].
1
1 The characterization of a Kropina metric.
Let (M,α) be an n(≥ 2)-dimensional differential manifold endowed with a Riemannian
metric α. A Kropina space (M,α2/β) is a Finsler space whose fundamental function is
given by F = α2/β, where α =
√
aij(x)yiyj and β = bi(x)y
i. Even though Kropina spaces
can be studied in more general case ([4]), in this paper, we suppose that the matrix (aij)
is positive definite.
Let us remark that for a Kropina space (M,α2/β) the Kropina metric F = α2/β can
be rewrited as follows:
α2
F 2
− β
F
+
b2
4
=
b2
4
.
where b2 = aijbibj and (a
ij) = (aij)
−1. Let κ(x) be a function of (xi) alone. Multiplying
the above equation by eκ(x), we have
eκ(x)aij
yi
F
yj
F
− eκ(x)aij y
i
F
bj +
1
4
eκ(x)aijb
ibj =
eκ(x)b2
4
,(1.1)
Defining a new Riemannian metric h =
√
hij(x)yiyj and a vector field W = W
i(∂/∂xi)
on M by
hij = e
κ(x)aij and 2Wi = e
κ(x)bi,(1.2)
where Wi = hijW
j, the equation (1.1) reduces to
∣∣∣∣ yF −W
∣∣∣∣ = |W |.
In the above equation, the symbol | · | denotes the length of a vector with respect to the
Riemannian metric h.
We notice that the equation |W | = 1 holds if and only if the function κ(x) satisfies
the condition
eκ(x)b2 = 4.(1.3)
Suppose that the function κ(x) satisfies (1.3), then we have |W | = 1 and
∣∣∣∣ yF −W
∣∣∣∣ = 1.(1.4)
Therefore, in each tangent space TxM , the indicatrix of the Kropina metric necessarily
goes through the origin.
Conversely, consider a Riemannian space (M,h), where h =
√
hij(x)yiyj, and a unit
vector fieldW =W i(∂/∂xi) on it. Then, we consider the metric F characterized by (1.4).
Solving for F from (1.4), we get
F =
|y|2
{√2h(y,W )}2 .
Comparing the above equality with a Kropina metric F = α2/β, we obtain (1.2) and
from the assumption |W | = 1 we get (1.3).
Summarizing the above discussion, we obtain
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Theorem1 Let (M,α) be an n(≥ 2)-dimensional Riemannian space with
a Riemannian metric α =
√
aij(x)yiyj. For a Kropina space (M,F = α
2/β), where
β = bi(x)y
i, we define a new Riemannian metric h =
√
hij(x)yiyj and a vector field
W = W i(∂/∂xi) of constant length 1 by (1.2) and (1.3). Then, the Kropina metric F
satisfies the equation (1.4).
Conversely, suppose that h =
√
hij(x)yiyj is a Riemannian metric andW = W
i(∂/∂xi)
is a vector field of constant length 1 on (M,h). Consider the metric F defined by (1.4).
Then, defining aij(x) := e
−κ(x)hij(x) and bi(x) := 2e
−κ(x)Wi by (1.2) using some function
κ(x) of (xi) alone, we get F = α2/β and it follows the function κ(x) satisfies (1.3).
2 The coefficients of the geodesic spray in a Kropina
space.
From the theory of Riemannian spaces, we have the following theorem:
Theorem A([6]) Let (M, g) and (M, g∗ = eρg), where g =
√
gij(x)yiyj and
g∗ =
√
g∗ij(x)y
iyj respectively, be two n-dimensional Riemannian spaces which are comfor-
mal each other. Furthermore, let γj
i
k
and γ∗j
i
k
be the coefficients of Levi-Civita connection
of (M, g) and (M, g∗), respectively. Then, we have
g∗ij = e
2ρgij, g
∗ij = e−2ρgij, γ∗j
i
k
= γj
i
k
+ ρjδ
i
k + ρkδ
i
j − ρigjk,
where ρi = ∂ρ/∂x
i and ρi = gijρj .
From (1.2), we have hij = e
κaij . Applying Theorem A , we get
hγj
i
k
= αγj
i
k
+
1
2
κjδ
i
k +
1
2
κkδ
i
j − 1
2
κiajk,(2.1)
where hγj
i
k
and αγj
i
k
are the coefficients of Levi-Civita connection of (M,h) and (M,α)
respectively, κi = ∂κ/∂x
i and κi = aijκj . Transvecting (2.1) by y
jyk, we get
hγ0
i
0 =
αγ0
i
0 + κ0y
i − 1
2
h00κ
i,(2.2)
where κi = hijκj .
We denote the covariant derivative in the Riemannian space (M,α) by (;i) and put
as follows:
sij :=
bi;j − bj;i
2
, rij :=
bi;j + bj;i
2
, sj := b
isij , rj := b
irij.
In [1], the authors have shown that the coefficients Gi of the geodesic spray in a Finsler
space (M,F = αφ(β/α)) are given by
2Gi = αγ0
i
0 + 2ωαs
i
0 + 2Θ(r00 − 2αωs0)
(
yi
α
+
ω′
ω − sω′ b
i
)
,(2.3)
where
ω :=
φ′
φ− sφ′ , Θ :=
ω − sω′
2{1 + sω + (b2 − s2)ω′} .
3
For a Kropina space, we have φ(s) = 1/s, hence we obtain
φ′ = − 1
s2
, ω = − 1
2s
, ω′ =
1
2s2
and
ω′
ω − sω′ = −
1
2s
, r00 − 2αωs0 = r00 + Fs0, 1 + sω + (b2 − s2)ω′ = b
2
2s2
, Θ = − s
b2
.
Substituting the above equalities in (2.3) and using (2.2), we get
2Gi = hγ0
i
0 − κ0yi +
1
2
h00κ
i − Fsi0 − 1
b2
(r00 + Fs0)(
2
F
yi − bi).
From Theorem 1, for a Kropina space (M,α2/β), a new Riemannian metric h =√
hij(x)yiyj and a vector field W = W
i(∂/∂xi) are defined by (1.2) and (1.3). So, the
vector field W satisfies the condition |W | = 1 and we have F = h00/2W0.
Therefore, we get
2Gi = hγ0
i
0 + 2Φ
i,(2.4)
where
2Φi := −κ0yi + 1
2
h00κ
i − h00
2W0
si0 − 1
b2
(r00 +
h00s0
2W0
)(
4W0
h00
yi − bi).(2.5)
Using (2.1), we have
bi;j = 2e
−κWi||j + e
−κ
(
κiWj − κjWi −Wrκrhij
)
,
where the notation (||i) stands for the h-covariant derivative in the Riemannian space
(M,h).
Remark 1 We can introduce a Finsler connection Γ∗ = (hγj
i
k
(x), Nj
i :=
hγj
i
k
(x)yk, Cj
i
k
) associated with the linear connection hγj
i
k
(x) of the Riemannian space
(M,h). The h-covariant derivative are defined as follows ([2]):
For a vector field W i(x) on M ,
1, W i(x)||j =
∂W i
∂xj
− ∂W
i
∂ys
Nj
s +h γj
i
s
W s
=
∂W i
∂xj
+h γj
i
s
W s.
For a reference vector yi,
2, yi||j =
∂yi
∂xj
− ∂y
i
∂ys
Nj
s +h γj
i
s
ys
= −Nj i +Nji
= 0.
4
We put
Rij :=
Wi||j +Wj||i
2
, Sij :=
Wi||j −Wj||i
2
, Rij := h
ir
Rrj , S
i
j := h
ir
Srj
Ri :=W
r
Rri, Si := W
r
Sri, R
i := hirRr, S
i := hirSr.
It follows
rij = 2e
−κ
(
Rij − 1
2
Wrκ
rhij
)
, sij = 2e
−κ
(
Sij +
κiWj − κjWi
2
)
.
Furthermore, we get
sij = 2S
i
j + κ
iWj − κjW i, si0 = 2Si0 +W0κi − κ0W i
si = 2e
−κ
(
2Si +Wrκ
rWi − κi
)
, s0 = 2e
−κ
(
2S0 +Wrκ
rW0 − κ0
)
,
r00 = 2e
−κ
(
R00 − 1
2
Wrκ
rh00
)
bi = airbr = e
κhir
2Wr
eκ
= 2W i.
Substituting the above equality in (2.5), we have
2Φi =
h00
W0
(S0W
i − Si0) + (R00W i − 2S0yi)− 2W0
h00
R00y
i.(2.6)
Multiplying now the above equality by 2h00W0, we get
4h00W0Φ
i = 2(h00)
2(S0W
i − Si0) + 2h00W0(R00W i − 2S0yi)− 4(W0)2R00yi
and by putting
Ai(1) := 2(S0W
i − Si0), Ai(2) := 2(R00W i − 2S0yi), Ai(3) := −4R00yi,
it follows
4h00W0Φ
i = (h00)
2Ai(1) + h00W0A
i
(2) + (W0)
2Ai(3).(2.7)
3 The necessary and sufficient conditions for a Kropina
space to be of constant curvature.
In this section, we consider a Kropina space (M,F = α2/β) of constant curvatue K,
where α =
√
aij(x)yiyj and β = bi(x)y
i. Furthermore, we suppose that the matrix (aij)
is always positive definite and that the dimension n is more than or equal two. Hence, it
follows that α2 is not divisible by β. This is an important relation and is equivalent to
that h00 is not divisible by W0. Using these, we will obtain the necessary and sufficient
conditions for a Kropina space to be of constant curvature.
3.1 The curvature tensor of a Kropina space.
Let Rj
i
kl
be the h-curvature tensor of Cartan connection in Finsler space. The
Berwald’s spray curvature tensor is
(b)Rj
i
kl
= A(kl)
{
∂Gj
i
k
∂xl
+Gj
r
k
Gr
i
l
}
.(3.1)
5
It is well-known that the equality R0
i
kl =
(b) R0
i
kl holds good ([2]).
From 2Gi = hγ0
i
0 + 2Φ
i, it follows
Gij =
hγ0
i
j + Φ
i
j and Gj
i
k
= hγj
i
k
+ Φj
i
k
.
Substituting the above equalities in (3.1), we get
Rj
i
kl
= hRj
i
kl
+ A(kl)
{
Φj
i
k||l + Φj
r
k
Φr
i
l
}
.
The following Proposition is well-known ([2]):
Proposition 1 The necessary and sufficient condition for a Finsler space
(M,F ) to be of scalar curvature K is that the equality
R0
i
0l = KF
2(δil − lill),(3.2)
where li = yi/F and ll = ∂F/∂y
l, holds.
If the equality (3.2) holds good and K is constant, then the Finsler space is called of
constant curvature K.
For a Kropina space of constant curvatueK, the equality (3.2) holds andK is constant.
Since F = α2/β is written as F = h00/(2W0), we have
δil − lill = δil − 2W0h0l − h00Wl
h00W0
yi.
Using the curvature we obtained above, we have
R0
i
0l =
hR0
i
0l + 2Φ
i
||l − Φil||0 + 2ΦrΦril − ΦrlΦir.
Substituting the above equalities in (3.2), we get
KF 2
(
δil − 2W0h0l − h00Wl
h00W0
yi
)
= hR0
i
0l + 2Φ
i
||l − Φil||0 + 2ΦrΦril − ΦrlΦir.(3.3)
3.2 Rewriting the equation (3.3) using h00 and W0.
(1)The calculations for Φi||l.
First, applying the h-covariant derivative ||l to (2.7), it follows
4h00W0||lΦ
i + 4h00W0Φ
i
||l
= (h00)
2Ai(1)||l + h00W0A
i
(2)||l
+ h00W0||lA
i
(2) + (W0)
2Ai(3)||l + 2W0W0||lA
i
(3)
and using again (2.7), we get
4h00(W0)
2Φi||l
= (h00)
2W0A
i
(1)||l
− (h00)2Ai(1)W0||l + h00(W0)2Ai(2)||l
+(W0)
3Ai(3)||l + (W0)
2Ai(3)W0||l.
Putting now
Bi(1)l = A
i
(1)||l
, Bi(21)l = −Ai(1)W0||l, Bi(22)l = Ai(2)||l, B
i
(3)l = A
i
(3)||l
, Bi(4)l = A
i
(3)W0||l,
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we have
4h00(W0)
2Φi||l = (h00)
2W0B
i
(1)l + (h00)
2Bi(21)l(3.4)
+h00(W0)
2Bi(22)l + (W0)
3Bi(3)l + (W0)
2Bi(4)l.
(2)The calculations for Φil.
Secondly, derivating (2.7) by yl, we get
8h0lW0Φ
i + 4h00WlΦ
i + 4h00W0Φ
i
l
= (h00)
2Ai(1).l + h00W0A
i
(2).l + h00(4h0lA
i
(1) +WlA
i
(2))
+(W0)
2Ai(3).l + 2W0(WlA
i
(3) + h0lA
i
(2)),
where the notation (.l) stands for the derivation by y
l.
Using the above equality and (2.7), we obtain
4(h00)
2(W0)
2Φil(3.5)
= (h00)
3W0C
i
(0)l + (h00)
3C i(11)l + (h00)
2(W0)
2C i(12)l
+(h00)
2W0C
i
(21)l + h00(W0)
3C i(22)l + h00(W0)
2C i(3)l + (W0)
3C i(4)l,
where
C i(0)l := A
i
(1).l = 2(SlW
i − Sil), C i(11)l := −Ai(1)Wl = −2(S0W i − Si0)Wl,
C i(12)l := A
i
(2).l = 4(R0lW
i − Slyi − S0δil), C i(21)l := 2Ai(1)h0l = 4(S0W i − Si0)h0l,
C i(22)l := A
i
(3).l = −4(2R0lyi + R00δil), C i(3)l := WlAi(3) = −4R00Wlyi,
C i(4)l := −2Ai(3)h0l = 8R00h0lyi.
(3)The calculations for Φil||0.
Applying the h-covariant derivaive ||0 to (3.5), we get
8(h00)
2W0W0||0Φ
i
l + 4(h00)
2(W0)
2Φil||0
= (h00)
3W0C
i
(0)l||0 + (h00)
3(W0||0C
i
(0)l + C
i
(11)l||0)
+(h00)
2(W0)
2C i(12)l||0 + (h00)
2W0(2W0||0C
i
(12)l + C
i
(21)l||0)
+(h00)
2W0||0C
i
(21)l + h00(W0)
3C i(22)l||0 + h00(W0)
2(3W0||0C
i
(22)l + C
i
(3)l||0)
+2h00W0W0||0C
i
(3)l + (W0)
3C i(4)l||0 + 3(W0)
2W0||0C
i
(4)l.
Using the above equality and (3.5), we obtain
4(h00)
2(W0)
3Φil||0(3.6)
= (h00)
3(W0)
2Di(1)l + (h00)
3W0D
i
(21)l + (h00)
3Di(31)l
+(h00)
2(W0)
3Di(22)l + (h00)
2(W0)
2Di(32)l + (h00)
2W0D
i
(41)l
+h00(W0)
4Di(33)l + h00(W0)
3Di(42)l + (W0)
4Di(5)l + (W0)
3Di(6)l,
where
Di(1)l = C
i
(0)l||0, D
i
(21)l = C
i
(11)l||0 −W0||0C i(0)l, Di(31)l = −2W0||0C i(11)l,
Di(22)l = C
i
(12)l||0, D
i
(32)l = C
i
(21)l||0, D
i
(41)l = −W0|0C i(21)l,
Di(33)l = C
i
(22)l||0, D
i
(42)l = W0||0C
i
(22)l + C
i
(3)l||0, D
i
(5)l = C
i
(4)l||0, D
i
(6)l =W0||0C
i
(4)l.
(4)The calculations for ΦrlΦ
i
r.
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Using (3.5), we have
16(h00)
4(W0)
4ΦrlΦ
i
r(3.7)
= (h00)
6(W0)
2Ei(01)l + (h00)
6W0E
i
(11)l + (h00)
6Ei(21)l + (h00)
5(W0)
3Ei(12)l
+(h00)
5(W0)
2Ei(22)l + (h00)
5W0E
i
(31)l + (h00)
4(W0)
4Ei(23)l + (h00)
4(W0)
3Ei(32)l
+(h00)
4(W0)
2Ei(41)l + (h00)
3(W0)
5Ei(33)l + (h00)
3(W0)
4Ei(42)l + (h00)
3(W0)
3Ei(51)l
+(h00)
2(W0)
6Ei(43)l + (h00)
2(W0)
5Ei(52)l + (h00)
2(W0)
4Ei(61)l + h00(W0)
6Ei(62)l
+h00(W0)
5Ei(7)l + (W0)
6Ei(8)l,
where
Ei(0)l : = C
i
(0)rC
r
(0)l, E
i
(11)l := C
i
(11)rC
r
(0)l + C
i
(0)rC
r
(11)l, E
i
(21)l := C
i
(11)rC
r
(11)l,
Ei(12)l : = C
i
(0)rC
r
(12)l + C
i
(12)rC
r
(0)l,
Ei(22)l : = C
i
(12)rC
r
(11)l + C
i
(11)rC
r
(12)l + C
i
(21)rC
r
(0)l + C
i
(0)rC
r
(21)l,
Ei(31)l : = C
i
(21)rC
r
(11)l + C
i
(11)rC
r
(21)l, E
i
(23)l := C
i
(12)rC
r
(12)l + C
i
(22)rC
r
(0)l + C
i
(0)rC
r
(22)l,
Ei(32)l : = C
i
(21)rC
r
(12)l + C
i
(12)rC
r
(21)l + C
i
(3)rC
r
(0)l + C
i
(22)rC
r
(11)l + C
i
(11)rC
r
(22)l + C
i
(0)rC
r
(3)l
Ei(41)l : = C
i
(3)rC
r
(11)l + C
i
(11)rC
r
(3)l + C
i
(21)rC
r
(21)l, E
i
(33)l := C
i
(22)rC
r
(12)l + C
i
(12)rC
r
(22)l,
Ei(42)l : = C
i
(4)rC
r
(0)l + C
i
(3)rC
r
(12)l + C
i
(22)rC
r
(21)l + C
i
(21)rC
r
(22)l + C
i
(12)rC
r
(3)l + C
i
(0)rC
r
(4)l,
Ei(51)l : = C
i
(3)rC
r
(21)l + C
i
(21)rC
r
(3)l + C
i
(4)rC
r
(11)l + C
i
(11)rC
r
(4)l, E
i
(43)l := C
i
(22)rC
r
(22)l,
Ei(52)l : = C
i
(4)rC
r
(12)l + C
i
(12)rC
r
(4)l + C
i
(3)rC
r
(22)l + C
i
(22)rC
r
(3)l,
Ei(61)l : = C
i
(3)rC
r
(3)l + C
i
(4)rC
r
(21)l + C
i
(21)rC
r
(4)l, E
i
(62)l := C
i
(4)rC
r
(22)l + C
i
(22)rC
r
(4)l,
Ei(7)l : = C
i
(4)rC
r
(3)l + C
i
(3)rC
r
(4)l, E
i
(8)l := C
i
(4)rC
r
(4)l.
(5)The calculations for ΦrΦr
i
l.
Derivating (3.5) by yr, we get
16h00h0r(W0)
2Φil + 8(h00)
2W0WrΦ
i
l + 4(h00)
2(W0)
2Φr
i
l
= 6(h00)
2h0rW0C
i
(0)l + (h00)
3WrC
i
(0)l + (h00)
3W0C
i
(0)l.r
+6(h00)
2h0rC
i
(11)l + (h00)
3C i(11)l.r
+4h00h0r(W0)
2C i(12)l + 2(h00)
2W0WrC
i
(12)l + (h00)
2(W0)
2C i(12)l.r
+4h00h0rW0C
i
(21)l + (h00)
2WrC
i
(21)l + (h00)
2W0C
i
(21)l.r
+2h0r(W0)
3C i(22)l + 3h00(W0)
2WrC
i
(22)l + h00(W0)
3C i(22)l.r
+2h0r(W0)
2C i(3)l + 2h00W0WrC
i
(3)l + h00(W0)
2C i(3)l.r
+3(W0)
2WrC
i
(4)l + (W0)
3C i(4)l.r.
Using the above equality, (3.5) and C i(0)l.r = 0, we have
4(h00)
3(W0)
3Φr
i
l
= (h00)
4W0H
i
(01)rl + (h00)
4H i(11)rl + (h00)
3(W0)
3H i(02)rl + (h00)
3(W0)
2H i(12)rl
+(h00)
3W0H
i
(21)rl + (h00)
2(W0)
4H i(13)rl + (h00)
2(W0)
3H i(22)rl
+h00(W0)
4H i(3)rl + h00(W0)
3H i(4)rl + (W0)
4H i(5)rl,
where
H i(01)rl = C
i
(11)l.r −WrC i(0)l, H i(11)rl = −2WrC i(11)l, H i(02)rl = C i(12)l.r,
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H i(12)rl = 2h0rC
i
(0)l + C
i
(21)l.r, H
i
(21)rl = −WrC i(21)l + 2h0rC i(11)l,
H i(13)rl = C
i
(22)l.r, H
i
(22)rl = WrC
i
(22)l + C
i
(3)l.r, H
i
(3)rl = C
i
(4)l.r − 2h0rC i(22)l,
H i(4)rl = WrC
i
(4)l − 2h0rC i(3)l, H i(5)rl = −4h0rC i(4)l.
Using the above equality and (2.7), we get
16(h00)
4(W0)
4ΦrΦr
i
l(3.8)
= (h00)
6W0J
i
(11)l + (h00)
6J i(21)l + (h00)
5(W0)
3J i(12)l + (h00)
5(W0)
2J i(22)l
+(h00)
5W0J
i
(31)l + (h00)
4(W0)
4J i(23)l + (h00)
4(W0)
3J i(32)l + (h00)
4(W0)
2J i(41)l
+(h00)
3(W0)
5J i(33)l + (h00)
3(W0)
4J i(42)l + (h00)
3(W0)
3J i(51)l + (h00)
2(W0)
6J i(43)l
+(h00)
2(W0)
5J i(52)l + (h00)
2(W0)
4J i(61)l + h00(W0)
6J i(62)l + h00(W0)
5J i(71)l + (W0)
6J i(8)l,
where
J i(11)l = A
r
(1)H
i
(01)rl, J
i
(21)l = A
r
(1)H
i
(11)rl, J
i
(12)l = A
r
(1)H
i
(02)rl,
J i(22)l = A
r
(1)H
i
(12)rl + A
r
(2)H
i
(01)rl, J
i
(31)l = A
r
(1)H
i
(21)rl + A
r
(2)H
i
(11)rl,
J i(23)l = A
r
(1)H
i
(13)rl + A
r
(2)H
i
(02)rl, J
i
(32)l = A
r
(1)H
i
(22)rl + A
r
(2)H
i
(12)rl + A
r
(3)H
i
(01)rl,
J i(41)l = A
r
(2)H
i
(21)rl + A
r
(3)H
i
(11)rl, J
i
(33)l = A
r
(2)H
i
(13)rl + A
r
(3)H
i
(02)rl,
J i(42)l = A
r
(1)H
i
(3)rl + A
r
(2)H
i
(22)rl + A
r
(3)H
i
(12)rl,
J i(51)l = A
r
(1)H
i
(4)rl + A
r
(3)H
i
(21)rl, J
i
(43)l = A
r
(3)H
i
(13)rl,
J i(52)l = A
r
(2)H
i
(3)rl + A
r
(3)H
i
(22)rl, J
i
(61)l = A
r
(2)H
i
(4)rl + A
r
(1)H
i
(5)rl,
J i(62)l = A
r
(3)H
i
(3)rl, J
i
(7)l = A
r
(2)H
i
(5)rl + A
r
(3)H
i
(4)rl, J
i
(8)l = A
r
(3)H
i
(5)rl.
(6)The main relation.
Multiplying (3.3) by 16(h00)
4(W0)
4 and using F 2 = (h00)
2/{4(W0)2}, we have the
equality
4K(h00)
6(W0)
2hil = 16(h00)
4(W0)
4 · hR0i0l + 8(h00)3(W0)2 · 4h00(W0)2Φi||l
−4(h00)2W0 · 4(h00)2(W0)3Φil||0 + 2 · 16(h00)4(W0)4ΦrΦril − 16(h00)4(W0)4ΦrlΦir.
Substituting (3.4), (3.5), (3.6), (3.7) and (3.8) in the above equality, we get
4K(h00)
6(W0)
2δil − 8K(h00)5(W0)2h0lyi + 4K(h00)6W0Wlyi
= −(h00)6(W0)2Ei(0)l + (h00)6W0(2J i(11)l −Ei(11)l)
+(h00)
6(2J i(21)l − Ei(21)l) + (h00)5(W0)3(8Bi(1)l − 4Di(1)l + 2J i(12)l −Ei(12)l)
+(h00)
5(W0)
2(−4Di(21)l + 8Bi(21)l + 2J i(22)l − Ei(22)l)
+(h00)
5W0(2J
i
(31)l − 4Di(31)l −Ei(31)l)
+(h00)
4(W0)
4(16hR0
i
0l + 8B
i
(22)l − 4Di(22)l + 2J i(23)l − Ei(23)l)
+(h00)
4(W0)
3(2J i(32)l − 4Di(32)l − Ei(32)l) + (h00)4(W0)2(2J i(41)l −Ei(41)l − 4Di(41)l)
+(h00)
3(W0)
5(8Bi(3)l − 4Di(33)l + 2J i(33)l − Ei(33)l)
+(h00)
3(W0)
4(2J i(42)l + 8B
i
(4)l − 4Di(42)l − Ei(42)l)
+(h00)
3(W0)
3(2J i(51)l − Ei(51)l) + (h00)2(W0)6(2J i(43)l −Ei(43)l)
+(h00)
2(W0)
5(2J i(52)l − 4Di(5)l −Ei(52)l) + (h00)2(W0)4(2J i(61)l − 4Di(6)l − Ei(61)l)
+h00(W0)
6(2J i(62)l −Ei(62)l) + h00(W0)5(2J i(71)l − Ei(7)l) + (W0)6(2J i(8)l −Ei(8)l).
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Taking into account the equalities J i(21)l = 0 and E
i
(21)l = 0, we have
(h00)
4P i(5)l + (h00)
2Qi(9)l + (W0)
4Ri(9)l = 0,(3.9)
where
P i(5)l = (h00)
2W0(−Ei(0)l − 4Kδil)
+(h00)
2(2J i(11)l − Ei(11)l − 4KWlyi)
+h00(W0)
2(8Bi(1)l − 4Di(1)l + 2J i(12)l − Ei(12)l)
+h00W0(−4Di(21)l + 8Bi(21)l + 2J i(22)l − Ei(22)l + 8Kh0lyi)
+(W0)
3(16hR0
i
0l + 8B
i
(22)l − 4Di(22)l + 2J i(23)l −Ei(23)l)
+(W0)
2(2J i(32)l − 4Di(32)l −Ei(32)l),
Qi(9)l = (h00)
3(2J i(31)l − 4Di(31)l − Ei(31)l)
+(h00)
2W0(2J
i
(41)l − Ei(41)l − 4Di(41)l)
+h00(W0)
4(8Bi(3)l − 4Di(33)l + 2J i(33)l −Ei(33)l)
+h00(W0)
3(2J i(42)l + 8B
i
(4)l − 4Di(42)l −Ei(42)l)
+h00(W0)
2(2J i(51)l − Ei(51)l)
+(W0)
5(2J i(43)l −Ei(43)l)
+(W0)
4(2J i(52)l − 4Di(5)l − Ei(52)l)
+(W0)
3(2J i(61)l − 4Di(6)l − Ei(61)l)
Ri(9)l = h00W0(2J
i
(62)l − Ei(62)l)
+h00(2J
i
(7)l − Ei(7)l)
+W0(2J
i
(8)l − Ei(8)l).
We call P i(5)l, Q
i
(9)l
and Ri(9)l the curvature part, the vanishing part and the Killing part,
respectively.
Proposition 2 The necessary and sufficient condition for a Kropina space
(M,F = α2/β = h00/2W0) to be of constant curvature K is that (3.9) holds good.
3.3 The Killing part.
We consider the Killing part Ri(9)l and obtain the conclusion that the vector field W is
Killing.
First, we have
J i(62)l = −64R00(2R00h0l + h00R0l)yi − 32(R00)2h00δil,
Ei(62)l = −64R00h00R0lyi − 128(R00)2h0lyi,
J i(7)l = −32R00{(3R00W0 − 4S0h00)h0l + h00R00Wl}yi,
Ei(7)l = −32(R00)2(h00Wlyi +W0h0lyi),
2J i(8)l −Ei(8)l = 192(R00)2h00h0lyi.
Using the above equalities, we get
Ri(9)l = −32h00R00
(
W0(2R00h00δ
i
l + 2h00R0ly
i + 7R00h0ly
i)− 8S0h00h0lyi + R00h00Wlyi
)
.
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Substituting the above equality in (3.9) and dividing it by W0h00, we get
(h00)
3P i(5)l + h00Q
i
(9)l
(3.10)
−32(W0)4R00
(
W0(2R00h00δ
i
l + 2h00R0ly
i + 7R00h0ly
i)
−8S0h00h0lyi + R00h00Wlyi
)
= 0.
Lemma 1 In the equation (3.10), it follows that R00 is divisible by h00.
(Proof .) Suppose that R00 is not divisible by h00 and since (hij) is positive
definite, (R00)
2 is not divisible by h00.
Taking into account that P i(5)l and Q
i
(9)l
are homogeneous polynomials of yi and that
(W0)
2 is not divisible by h00, it follows that the equation
h0ly
i = h00η
i
l,
where ηl
i(x) is a function of (xi) alone, holds good. Transvecting the above equation by
W l, we get
W0y
i = h00ηl
i(x)W l.
Since h00 is not divisible by W0, the above equation is impossible. Q.E.D.
Therefore, it follows that R00 is divisible by h00 and the following equation holds:
R00 = c(x)h00,
where c(x) is a function of (xi) alone. Derivating the above equation by yi and yj, we get
Wi||j +Wj||i = 2c(x)hij .(3.11)
Transvecting (3.11) by W iW j, we get Wi||jW
iW j = c(x)hijW
iW j and using hijW
iW j =
|W |2 = 1 and Wi||rW i = 0, we obtain c(x) = 0. Therefore, it follows that the equality
Rij = 0(3.12)
holds good. Hence, we have that W is a Killing vector field. Therefore, we can state
Lemma 2 If a Kropina space (M,α2/β) is of constant curvature K, then
(1) W (x) is a Killing vector field,
and then
(2) Killing part Ri(9)l = 0.
Using (3.12), the equation (3.10) reduces to
(h00)
2P i(5)l +Q
i
(9)l
= 0(3.13)
and we have the following equalities:
Wi||j = Sij, Sj =Wi||jW
i = 0, W0||j = S0j , Wi||0 = Si0, W0||0 = 0.(3.14)
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3.4 The vanishing part.
In this subsection, we will show that the equality Qi(9)l = 0 holds from the conclusion
R00 = 0 in the previous subsection.
Using (3.12) and (3.14), the A′s, B′s, C ′s, D′s, E ′s, H ′s and J ′s reduce to
Ai(1) := −2W i||0, Bi(1)l = −2W i||0||l, Bi(21)l = 2W i||0W0||l, C i(0)l = −2W i||l,
C i(11)l = 2W
i
||0Wl, C
i
(21)l = −4W i||0h0l, Di(1)l = −2W i||l||0,
Di(21)l = 2W
i
||0||0Wl + 2W
i
||0Wl||0, D
i
(32)l = −4W i||0||0h0l, Ei(0)l = 4W i||rW r||l,
Ei(11)l = −4W i||rW r ||0Wl, Ei(22)l = 8W i||0W0||l + 8W i||rW r ||0h0l,
H i(01)rl = 2W
i
||rWl + 2WrW
i
||l, H
i
(11)rl = −4WrW i||0Wl,
H i(12)rl = −4(h0rW i||l +W i||rh0l +W i||0hrl), H i(21)rl = 4(WrW i||0h0l + h0rW i||0Wl),
J i(11)l = −4W i||rW r ||0Wl, J i(22)l = 8W i||rW r ||0h0l + 8W i||0Wl||0,
and the others are zero. Using the above equalities, we get
2J i(31)l − 4Di(31)l − Ei(31)l = 0, 2J i(41)l − Ei(41)l − 4Di(41)l = 0
8Bi(3) − 4Di(33)l + 2J i(33)l − Ei(33)l = 0, 2J i(42)l + 8Bi(4) − 4Di(42)l − Ei(42)l = 0,
2J i(51)l − Ei(51)l = 0, 2J i(43)l − Ei(43)l = 0,
2J i(52)l − 4Di(5)l −Ei(52)l = 0, 2J i(61)l − 4Di(6)l −Ei(61)l = 0.
Therefore, from Lemma 2, it follows
Lemma 3 If a Kropina space (M,α2/β) is of constant curvature K, then
(1) vanishing part Qi(9)l = 0,
and then
(2) curvature part P i(5)l = 0.
3.5 The curvature part.
In this subsection, we will show that Lemma 3 implies that (M,h) is a Riemannian
space of constant curvature K.
Using the resuls given at the beginning of the previous subsection, we have
−Ei(0)l − 4Kδil = −4W i||rW r ||l − 4Kδil,
2J i(11)l − Ei(11)l − 4KWlyi = −4W i||rW r ||0Wl − 4KWlyi,
8Bi(1)l − 4Di(1)l + 2J i(12)l − Ei(12)l = −16W i||0||l + 8W i||l||0,
−4Di(21)l + 8Bi(21)l + 2J i(22)l −Ei(22)l + 8Kh0lyi = −8W i||0||0Wl + 8W i||rW r ||0h0l + 8Kh0lyi,
16hR0
i
0l + 8B
i
(22)l − 4Di(22)l + 2J i(23)l − Ei(23)l = 16hR0i0l,
2J i(32)l − 4Di(32)l − Ei(32)l = 16W i||0||0h0l.
Therefore, from (2) of Lemma 3 and the above equalities we have
−1
4
P i(5)l = (h00)
2W0(W
i
||rW
r
||l +Kδ
i
l) + (h00)
2(W i||rW
r
||0Wl +KWly
i)(3.15)
+2h00(W0)
2(2W i||0||l −W i||l||0) + 2h00W0(W i||0||0Wl −W i||rW r||0h0l −Kh0lyi)
−4(W0)3 · hR0i0l − 4(W0)2W i||0||0h0l = 0,
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First, we consider the term (h00)
2(W i||rW
r
||0Wl+KWly
i) which does not contain W0.
Taking into account that (h00)
2 is not divisible by W0, the following equality must hold
good
W i||rW
r
||0Wl +KWly
i =W0cl
i(x),(3.16)
where cl
i(x) are functions of (xi) alone, must hold. Transvecting (3.16) by yl and dividing
it by W0, we get
W i||rW
r
||0 +Ky
i = cl
i(x)yl.
Derivating it by yl, we have
W i||rW
r
||l +Kδ
i
l = cl
i(x).
Substituting the above equality in (3.16), we get
W i||rW
r
||0Wl +KWly
i = W0(W
i
||rW
r
||l +Kδ
i
l).
Transvecting the above equality by W l, we get
W i||rW
r
||0 +Ky
i = KW0W
i,
where we have used W i||rW
r
||lW
l = 0. Derivating the above equality by yl, we get
W i||rW
r
||l = KWlW
i −Kδil.(3.17)
Substituting (3.17) in (3.15) and dividing it by 2W0, it follows
K(h00)
2WlW
i + h00W0(2W
i
||0||l −W i||l||0)(3.18)
+h00(W
i
||0||0Wl −KW0W ih0l)− 2(W0)2 · hR0i0l − 2W0W i||0||0h0l = 0.
Transvecting the above equality by h0i, we get
W0||l||0 = K(h00Wl −W0h0l).(3.19)
Using Wi||j +Wj||i = 0 and (3.19), we have
Wl||0||0 = −K(h00Wl −W0h0l).(3.20)
Derivating (3.19) by yi, we have
Wi||l||0 +W0||l||i = K(2h0iWl −Wih0l −W0hil).
From the above equality, we have
Wi||0||l = −Wi||l||0 −K(2h0lWi −Wlh0i −W0hli).(3.21)
Using (3.20) and (3.21), the equality (3.18) reduces to
3h00(KWly
i −Kh0lW i −W i||l||0)− 2W0(hR0i0l +Kyih0l −Kh00δil) = 0.
Since h00 is not divisible by W0, it follows that the equality
hR0
i
0l +Kh0ly
i −Kh00δil = h00dil(x),(3.22)
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where dil(x) are functions of (x
i) alone, must hold. Transvecting the above equality by yl,
we get dil(x)y
l = 0. Derivating the above equality by yl, we get dil(x) = 0. Substituting
it in (3.22), we get
hR0
i
0l +Kh0ly
i −Kh00δil = 0.(3.23)
We can rewrite the above equality as
hR0
i
0l = K(h00δ
i
l − h0lyi).
Derivating (3.23) by yj and yk, we get
hRj
i
kl
+ hRk
i
jl = K(2hjkδ
i
l − hjlδik − hklδij),(3.24)
and interchanging j and l, we obtain
hRl
i
kj +
hRk
i
lj = K(2hlkδ
i
j − hljδik − hkjδil).(3.25)
Subtracting (3.25) from (3.24), we get
hRj
i
kl
+ 2hRk
i
jl − hRlikj = 3K(hjkδil − hklδij).
Since the left-hand side of the above equality can be changed as follows:
hRj
i
kl
+ 2hRk
i
jl − hRlikj = 2hRkijl − hRjilk − hRl
i
kj = 2
hRk
i
jl +
hRk
i
jl = 3
hRk
i
jl,
we obtain
hRk
i
jl = K(hjkδ
i
l − hklδij).
This means that the Riemannian space (M,h) is of constant curvature K.
Therefore, we obtain
Theorem 2 Let M be an n(≥ 2)-dimensional Riemannian manifold. Put
α =
√
aij(x)yiyj and β = bi(x)y
i. Let (M,α2/β) be a Kropina space and define a new
Riemannian metric h =
√
hij(x)yiyj and a vector field W with |W | = 1 by (1.2) and
(1.3).
If the Kropina space (M,α2/β) is of constant curvature K, then the vector field W is
a Killing one and the Riemannian space (M,h) is of constant curvature K .
3.6 The converse of Theorem 2.
Let (M,α2/β) be a Kropina space and define a new Riemannian metric h =
√
hij(x)yiyj
and a vector field W with |W | = 1 by (1.2) and (1.3). Suppose that the vector field W is
a Killing one and that the Riemannian space (M,h) is of constant curvature K. To prove
that the Kropina space (M,α2/β) is of constant curvature K, we have only to show that
the equality (3.9) holds.
Since the vector field W is a Killing one, we have R00 = 0. Taking into account (2)
of Lemma 2 and (1) of Lemma 3, the Killing part R and the vanishing part Q vanishes
respectively.
Therefore, we have only to show that the curvature part P i(5)l vanishes. At the rest of
this subsection, we will prove it. The curvature part P i(5)l is defined by (3.15).
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First, we give the following Lemma 4:
Lemma 4 For a Killing vector field W = W i(∂/∂xi) of constant length
|W | = 1, the equality
Wi||j||k = Wr
hRk
r
ij(3.26)
holds good.
(Proof .) From the Ricci’s formula, it follows
Wi||j||k −Wi||k||j = −Wr hRirjk.(3.27)
On the other hand, since W is a Killing vector field, we have
Wi||j +Wj||i = 0.
Applying the h-covariant derivative ||k to the above equality, we get
Wi||j||k +Wj||i||k = 0.
Replacing i, j, k by j, k, i and k, i, j respectively, we obtain the following equalities:
Wj||k||i +Wk||j||i = 0,
Wk||i||j +Wi||k||j = 0.
Subtracting the second equality from the first equality and adding the third equality to
it, we get
Wi||j||k +Wi||k||j −Wr hRjrik −Wr hRkrij = 0.(3.28)
From (3.27) and (3.28), we get
2Wi||j||k = −Wr hRirjk +Wr hRjrik +Wr hRkrij .
Using the formula
hRi
r
jk +
hRj
r
ki
+ hRk
r
ij = 0,
we have
2Wi||j||k = Wr
hRj
r
ki
+Wr
hRk
r
ij +Wr
hRj
r
ik
+Wr
hRk
r
ij
= 2Wr
hRk
r
ij
that is, (3.26) holds good. Q.E.D.
From the assumption that the Riemannian space (M,h) is of constant curvature, we
have
hRk
r
ji = K(hkjδ
r
i − hkiδrj).(3.29)
Using the above equality and (3.26), we get
W i||j||k = K(δ
i
kWj − hkjW i)(3.30)
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and from here and yi||j = 0 (See, Remark 1), it follows
W i||0||l = K(δ
i
lW0 − hl0W i),
W i||0||0 = K(y
iW0 − h00W i),(3.31)
W i||l||0 = K(y
iWl − h0lW i).
From (3.29), we have
hR0
i
0l = K(h00δ
i
l − h0lyi)(3.32)
and applying the h-covariant derivative ||i to the equality |W |2 = WrWshrs = 1, we get
Wr||iW
r = −Wi||rW r = 0.
Furthermore, applying the h-covariant derivative ||l to the above equality, we obtain
Wi||rW
r
||l +Wi||r||lW
r = 0.
From the above equality and (3.30), we have
Wi||rW
r
||l = −Wi||r||lW r(3.33)
= K(hlrWi − hliWr)W r
= K(WlWi − hli).
Substituting the equalities (3.31)-(3.33) in (3.15), we can easily recognize the curvature
part P i(5)l = 0. Therefore, (3.9) holds good. Hence, from Proposition 2, we get
Theorem 3 Let M be an n(≥ 2)-dimensional Riemannian space. Put α =√
aij(x)yiyj and β = bi(x)y
i. Let (M,α2/β) be a Kropina space and define a new Rie-
mannian metric h =
√
hij(x)yiyj and a vector field W = W
i(∂/∂xi) of constant length
|W | = 1 by (1.2) and (1.3).
If the vector field W = W i(∂/∂xi) is a Killing one and the Riemannian space (M,h)
is of constant curvature K, the Kropina space (M,α2/β) is of constant curvature K.
From Theorem 2 and Theorem 3, we have
Theorem 4 Let (M,α2/β) be an n(≥ 2)-dimensional Kropina space, where
α2 = aij(x)y
iyj, β = bi(x)y
i and the matrix (aij) is positive definite. For the Kropina
space, we define a new Riemannian metric h =
√
hij(x)yiyj and a vector field W =
W i(∂/∂xi) of constant length |W | = 1 on M by (1.2) and (1.3).
Then, the Kropina space (M,α2/β) is of constant curvature K if and only if the
following conditions hold:
(1)Wi||j +Wj||i = 0, that is, W =W
i(∂/∂xi) is a Killing vector field.
(2)The Riemannian space (M,h) is of constant curvature K.
Let (M,F = α2/β) be an n(≥ 2)-dimensional Kropina space. From Theorem 1, for
this Kropina metric F = α2/β, we can define a Riemannian metric h =
√
hij(x)yiyj and
a vector field W =W i(∂/∂xi) of constant length 1 on M by (1.2) and (1.3). We suppose
that the vector field W is a Killing one. Then, we have R00 = 0. From this assumption,
we get the second equation of (3.14), that is, S0 = 0. Substituting R00 = 0, S0 = 0 and
F = h00/(2W0) in (2.6), we obtain the equation Φ
i = −FSi0. Substituing this in (2.4),
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we get
Theorem 5 Let (M,F = α2/β) be an n(≥ 2)-dimensional Kropina space.
We define a Riemannian metric h =
√
hij(x)yiyj and a vector field W = W
i(∂/∂xi) of
constant length |W | = 1 on (M,h) by (1.2) and (1.3).
Suppose that the vector field W is a Killing one, then the coefficients Gi of the geodesic
spray of the Kropina space (M,α2/β) is written as follows:
2Gi = hγ0
i
0 − 2FSi0,(3.34)
where hγj
i
k
are Christoffel symbols of the Riemannian space (M,h).
Remark 2 The geodesic spray of the Randers space (M,α + β) is given in
the subsection 2.3 ([5] p.5). Comparing to this, the geodesic spray of the Kropina space
(M,F = α2/β) is in a very simple form (3.33).
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